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We consider a Glauber-Fock oscillator and show that diffraction can be managed. We show how
to design arrays of waveguides where light beams experience zero diffraction. We find an exact
analytical family of nondiffracting localized solution. We predict discrete parametric oscillation in
the Glauber-Fock oscillator.
Diffraction is a fundamental process in physics. It is
well known that a wave is diffracted if it passes through
an opening or if there is an obstacle in its path. Diffrac-
tion leads to the broadening of an initial intensity profile
in space. Propagation-invariant waves have attracted a
considerable interest over the years. The most familiar
example of nondiffracting wave is that of a plane wave
propagating in free space. Other nontrivial nondiffract-
ing waves for various physical systems have been inten-
sively investigated by many authors. Durnin introduced
diffractionless (nonspreading) solution of the free-space
scalar wave equation almost three decades ago [1]. His
solution is in the form of a Bessel function in the trans-
verse direction and the corresponding intensity profile re-
mains invariant during propagation unlike other beams
that spread during propagation. In the framework of
quantum mechanics, only the plane wave had been known
as a nondiffracting wave in 1-D before Berry and Balazs.
They theoretically showed another nonspreading solution
was available for the Schrodinger equation describing a
free particle [2]. Their solution is unique in the sense
that it self-accelerates although no external potential ex-
ists. The accelerating behavior is not consistent with the
Ehrenfest theorem, which describes the motion of the
center of mass of the wave packet. The reason why the
Ehrenfest theorem doesn’t work is because of the non-
integrability of the Airy function.
The physics of photon propagation is discrete lattices is
very rich and has been extensively studied by many au-
thors. Nondiffracting waves in media such as waveguide
or nonlinear materials are interesting to study. Diffrac-
tion in such an array of waveguides is governed by hop-
ping light from site to site through optical tunneling. Dis-
crete diffraction is different from continuous diffraction.
As an example, if light is initially excited at only one
waveguide of a 1-D periodic array of waveguide, then
light spreads into two main lobes with several secondary
peaks between them. The idea to control discrete diffrac-
tion has attracted a special attention. The case of optical
field propagation in a linearly coupled, infinite array of
one dimensional waveguides was considered in [3] and
anomalous diffraction (negative discrete diffraction) and
diffraction-free cases were theoretically discussed and ex-
perimentally realized. Discrete diffraction was shown to
be controlled in size and sign by the input conditions and
diffractionless beams and focusing of normally diverging
beams were discussed in homogeneous waveguide arrays
[4]. The self-collimation effect where the spatial width
of a light beam does not change over hundreds of free-
space diffraction lengths was realized in a macroscobic
photonic lattice [5]. Periodic photonic structures where
the strength of diffraction can be made normal, anoma-
lous or zero in a very broad frequency range was intro-
duced [6].
One special system where discrete diffraction can be stud-
ied is the semi-infinite and asymmetric Glauber Fock lat-
tice that has recently been introduced into optics com-
munity [7, 8]. The system is composed of an array of
evanescently coupled waveguides with a square-root dis-
tribution of the coupling between adjacent guides [7].
The first experimental realization with a direct observa-
tion of the classical analogue of Fock state displacements
was presented in [8]. The Glauber-Fock photonic lattice
is interesting in the sense that every excited waveguide
represents a Fock state and the system admits an ex-
act analytical solution. In [9], the Ermakov-Lewis invari-
ant is constructed for the Glauber-Fock oscillator with
propagation distance dependent tunneling amplitude and
refractive index gradients. Some interesting effects can
be observed in a Glauber-Fock system in the presence
of the refractive index gradient, which was shown to be
accomplished by varying the waveguide writing velocity
of the femtosecond laser [10]. For example both peri-
odic collapses and revivals in a discrete Glauber-Fock
oscillator were observed in the intensity evolution. It
was shown that periodically changing tunneling ampli-
tude leads to Bloch-like oscillations and dynamic de-
localization depending on the oscillation frequency and
strength of refractive index gradient [11]. It is interest-
ing to observe the Bloch-like oscillations in spite of the
fact that the evanescently coupled waveguide array has
nonuniform coupling and semi-infinite. Dynamic local-
ization and quantum self-imaging are other interesting
effects that occur in periodical lattice. These two effects
were theoretically discussed and shown to be possible in
a Glauber-Fock oscillator [12]. Glauber-Fock oscillator
was shown to be engineered by the method of short-
cuts to adiabaticity [13]. Recently, geometric phase for a
Glauber-Fock oscillator lattice was measured [14]. Quan-
tum Rabi model based on light transport in two decou-
pled semi infinite binary tight binding photonic lattice
with a square-root distribution of the coupling between
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2neighboring sites was experimentally realized in [15]. The
standard Glauber-Fock oscillator is semi-infinite and all
the experiments mentioned above were realized in an ef-
fectively semi infinite system (the dimension in the trans-
verse direction is long enough). The effect of truncation
in a finite Glauber-Fock oscillator was discussed in [16].
The Glauber-Fock oscillator was generalized to include
the nonlinear interaction and the corresponding system
was theoretically explored in [17]. In this paper, we con-
sider Glauber-Fock oscillator with propagation distance
dependent tunneling amplitude and refractive index gra-
dient. The purpose of this paper to find a way to obtain
difractionless propagating initial excitations. We will find
a solution that is capable of maintaining its spatial form
during propagation. In this way, engineered diffraction
can be realized. Secondly, we study parametric oscilla-
tion in the system.
I. MODEL
We consider a semi-infinite Glauber-Fock oscillator ar-
ray consisting of evanescently coupled waveguides. The
tunneling amplitude through which particles are trans-
ferred from site to site increases with the square root
of the site number n. We suppose that tunneling am-
plitude and linearly increasing refractive index gradient
are z-dependent, where z is the normalized propagation
distance. The equation satisfied by the complex field am-
plitude at the n-th waveguide is given by [9]
i∂zcn + F n cn + J(
√
n+ 1cn+1 +
√
ncn−1) = 0 (1)
where n = 0, 1, 2, ..., J = J(z) is the z-dependent first
order tunneling amplitude, F = F (z) is the z-dependent
refractive index gradient and cn is the field amplitude
at the n-the waveguide. Note that cn(z) = 0 for n < 0.
Therefore our system is semi-infinite and asymmetric.
To find the solution, we follow the method introduced in
[9]. Let us write the state vector as |ψ >=
∞∑
n=0
cn(z)|n >,
where the Fock state |n > corresponds to situation when
only the waveguide with number n is excited [8]. Sub-
stituting this solution into the equation (1) yields the
Schrodinger equation Hψ = i
∂ψ
∂z
with h¯ = 1. The corre-
sponding Hamiltonian reads
H = − (F (z)nˆ+ J(z) (aˆ+ aˆ†)) (2)
where the bosonic creation and annihilation
operators satisfy aˆ†|n >= √n+ 1|n+ 1 > and
aˆ|n >= √n|n− 1 >, respectively and the number
operator satisfies nˆ|n >= n|n >. We can transform this
Hamiltonian using aˆ =
q + ip√
2
and aˆ† =
q − ip√
2
, where
q and p normalized position and momentum operators,
respectively. Then the Hamiltonian can be rewrittten in
the following form
H = −
(
p2
2m
+
m
2
ω2q2 +
√
2Jq − F
2
)
(3)
where the z-dependent mass and frequency are defined
by m = 1/F (z) and ω2 = F (z)2.
The exact analytical solution of this Hamiltonian is avail-
able if we change z→Z = −z. This is the Hamiltonian of
a quantum harmonic oscillator with Z-dependent mass,
frequency, and external driving force. Let us now ob-
tain an exact analytical solution. We first transform
the coordinate according to q′ =
q − qc
L
, where the Z-
dependent function qc(Z) describes translation and L(Z)
is a Z-dependent dimensionless scale factor to be de-
termined later. More precisely, the center of the wave
packet moves according to qc(Z) and the width of the
wave packet changes according to L(Z). Under this co-
ordinate transformation, the Z-derivative operator trans-
forms as ∂Z → ∂Z − L−1(L˙q′ + q˙c)∂q′ , where dot denotes
derivation with respect to Z. In the accelerating frame,
we will seek the solution of the form
ψn(q
′, Z) = exp (iΛ)
φn(q
′, Z)√
L
(4)
where the position dependent phase reads
Λ(q′, Z) = m
(
αq′ +
β
2
q′2 + S
)
, α, β and S are Z-
dependent functions to be determined. Substitute this
ansatz into the corresponding Schrodinger equation and
demand that the resulting equation includes harmonic
and linear potential terms. Therefore we choose α = Lq˙c
, β = LL˙ and S˙ +
m˙
m
S =
1
2
q˙c
2 − ω
2
2
q2c −
√
2Jqc
m
+
F
2m
.
The resulting equation reads
− 1
2mL2
∂2φ
∂q′2
+ (
m
2
Ω2q′2 + Uq′)φ = i
∂φ
∂Z
(5)
where Ω2 = L(L¨+
m˙
m
L˙+ ω2L) and
U = mL(q¨c +
m˙
m
q˙c + ω
2qc +
√
2
J
m
). We can now
determine L and qc.
L¨+
m˙
m
L˙+ ω2L =
1
m2L3
(6)
q¨c +
m˙
m
q˙c + ω
2qc +
√
2
J
m
= 0 (7)
The former one (known as the Ermakov equation) is easy
to solve for the initial condition L˙(Z = 0) = 0. It is given
by L(Z) = 1. Therefore, the quadratic term in Λ(q′, Z)
disappears. The solution of the latter equation will be
discussed below.
With the choices (6,7), the linear potential is eliminated
3from the equation (5) and the resulting equation for
φn(q
′) can be solved analytically. It is given by
φn(q
′, Z) = Nn exp
(
i
∫
En
mL2
dZ − q
′2
2
)
Hn(q
′) (8)
where En = (n+
1
2
) and Hn are the Hermite polynomi-
als and Nn is the normalization constant. Transforming
backwards yields the exact solution. We have analytically
found the exact solution. Our solution and the one in [9]
are equivalent but our solution is advantageous since it
is written in terms of the width and the center of mass
of the wave packet. As we shall see below, the equation
(7) enables us to see the dynamics of the system clearly.
Let us now write the exact solution
ψn = Nn exp
(
imq˙cq + in − (q − qc)
2
2
)
Hn(q−qc) (9)
where n = mS +
∫
En
m
dZ −mq˙cqc and Z = −z. This
exact solution allows us to study some interesting effects
in the Glauber -Fock oscillator lattice. The parameter qc.
plays a key role on the study of oscillation, nondiffraction
and parametric oscillation.
Let us now discuss the equivalence between ψn and
n. Suppose that qc(Z) = 0. In this case, the
eigenfunctions are orthogonal to each other, i.e.,
< ψj(q, Z)|ψj′(q, Z) > = δj,j′ . Therefore, we stress that
|n >≡ ψn(q′ = q,−Z). We stress that qc(Z) = 0 if J = 0.
Hence we conclude that it is impossible to get a non-
diffracting wave in the Glauber Fock lattice if only a sin-
gle site is initially excited.
1. Oscillation
Having established the exact analytical wave packet
solution, we can now discuss solutions of the equation
(7) in detail. That equation enables us to find the
motion of the center of the wave packet. Firstly, we
study oscillations of the Glauber-Fock oscillator [10, 11].
If we suppose that the system is excited initially at a
single site, then the initial conditions should be chosen
as qc(0) = q˙c(0) = 0. In this case, the initial wave
function in the original frame is given by the equ. (9)
with qc(0) = q˙c(0) = 0. Along z, the wave packet gains
an extra q-dependent phase. This term is responsible
for diffraction. If qc(Z) is a periodic function, then
the extra q-dependent phase becomes equal to zero
periodically. This implies that the wave packet returns
to its initial form periodically. If we suppose either
qc(0) 6= 0 or q˙c(0) 6= 0 (but a periodic qc(z)), then
periodical oscillation occurs for the initial input that is
a combination of excitation of many sites.
As an interesting example, let us choose
qc(Z) = q0(cos (Ω0Z)− δ), where the constant Ω0 is the
oscillation frequency, the constant q0 is the amplitude of
FIG. 1: The density plots for the parameters J =
√
2, f0 = 1.
Periodical oscillation for the Glauber-Fock oscillator is shown
in both figures. We assume qc(Z) = q0(cos (Ω0Z)− δ) with
δ = 1 (a) and δ = 1/7 (b). Therefore, both systems return to
their initial states periodically at z = 2pi, 4pi, .... The system
is initially excited at 20-th lattice site in the figure (a). The
initial wave packet in the fig.(b) is given by (9) with qc(0) = 6.
the oscillation and the constant δ determines the initial
value of qc(0). The case with δ = 1 ( qc(0) = q˙c(0) = 0)
refers to the system that is initially excited at a single
site. Let us engineer our system to get this special qc(Z)
function. Consider that F = f0, where f0 is a constant.
Then according to the equ. (7), the tunneling amplitude
satisfies
√
2J = q0δf0 + q0/f0(Ω
2
0 − f20 ) cos (Ω0Z). So,
we conclude that either a constant J (Ω0 = f0) or
periodically modulated J leads to the oscillation of the
system. Let us confirm our prediction by numerically
solving (1) for J =
√
2 and F = f0 = 1. We first
consider single site initial excitation, which correspond
to δ = Ω0 = 1 and q0 = 2. The fig-1.a plots the
oscillatory behavior when only the 20-th waveguide is
initially excited. As can be seen, the system periodically
comes to its initial state (up to a phase factor) at
regular intervals (at every z = 2pi). We note that the
oscillation is asymmetric because of the semi-infinite
structure of the lattice. Suppose next that δ 6= 1. In this
case, the system is not initially excited at a single site.
Specifically, we choose q0 = δ
−1 = 7 and Ω0 = f0 = 1.
We numerically start with the initial wave function ψ0
with qc(0) = 6. The Fig-1.b shows the propagation of
this initial wave function. We see that the oscillatory
dynamics of this broad wave is in full agreement with
the above theoretical prediction.
We have shown that discrete diffraction in the Glauber-
Fock oscillator can be engineered. A proper choice of
qc(Z) allows us to analyze dynamics of the system.
We can now engineer our system to predict some
other interesting physical effect such as diffraction-free
propagation and parametric oscillation. To do this, we
should choose qc(Z) appropriately.
4FIG. 2: Both figures show the density |ψn|2 for the low-
est order (top) and the first order (bottom) localized discrete
nondiffracting beams as given by the equations (11) and (12),
respectively. The first order nondiffracting beam has two sep-
arated beams. Similarly, the nondiffracting beam of order n
has (n-1) separated beams. The figures are plotted for q0 = 8
(J = 2
√
2, f0 = 0.5). We emphasize that the width and the
center of the nondiffracting beam is increased as q0 is in-
creased. As q0 → ∞, the nondiffracting beam covers the
whole lattice and becomes an extended nondiffracting wave.
2. Discrete Nondiffraction
Nondiffracting propagation can be studied if we as-
sume that qc(Z) = q0 is a constant. In this case, the
phase term Λ is independent of q since q˙ = 0. Further-
more, the density |ψn|2 is Z-independent. In other words,
the wave function is propagation-invariant. The exact
wave function for this case is given by
ψn(q, z) = Nn exp
(
in − (q − q0)
2
2
)
Hn(q − q0) (10)
As can be seen, the initial and final wave packets are
the same (up to a phase factor). Since the wave packet
preserves its form at all z, diffraction does not occur
during propagation. This diffraction-free localized wave
packet appears in infinitely long asymmetric system.
The equation (7) gives a constant solution
qc(Z) = q0 =
√
2J
F
if J = J0 and F = f0 are con-
stants (This is also true if J/F is a constant). We note
that there are infinitely many different diffraction-free
waves. Changing q0 generally increases the width of the
nondiffracting wave and increasing the quantum number
n in ψn allows us to obtain higher order nondiffracting
waves. Let us visually see a nondiffracting propagation
in our system. Consider the nondiffracting wave of
order 0, i.e., n = 0. The initial wave packet reads
ψ0(q, 0) = N0 exp
(
− (q − q0)
2
2
)
. Let us expand this
wave packet in terms of eigenkets |n >
ψ0(q, 0) =
∑
n=0
qn0
(2nn!)1/2
e−
q2
0
4 |n > (11)
This last relation gives us information on how to excite
our lattice for difractionless propagation. If we excite
our system according to this formula, then nondiffracting
propagation can be observed. One can see that diffrac-
tionless initial excitation gets more localized if q0 is de-
creased. The distance to the origin of the nondiffracting
beam is also increased with the increase of q0. We numer-
ically evaluate the equation (1) for the initial wave packet
(11 )with q0 = 8 and N = 100 sites. The top panel in the
fig-2 depicts this nondiffracting propagation. As can be
seen, the beam has the same intensity distribution along
the propagation direction.
One may notice that the state (11) is the standard
coherent state. Therefore, the zeroth order non-
diffracting state in our system is equivalent to the
coherent state. But this is not the case for the
higher order case. Consider the first excited state,
ψ1(q, 0) = N1 exp
(
− (q − q0)
2
2
)
H1(q − q0), which is the
displaced Fock state. Expanding this wave packet in
terms of eigenkets |n > yields
ψ1(q, 0) =
∑
n=0
−qn−10 (q20 − 2n)√
2n+1n!
√
1 + 2q20
e−
q2
0
4 |n > (12)
This state is not a coherent state since it does not satisfy
aˆψ1(q, 0) = const. ψ1(q, 0), where aˆ is the annihilation
operator. In the bottom panel of the fig.2, we plot
the density for the first order nondiffracting wave with
q0 = 8. As can be seen there are two separated beams.
Generally speaking, there are n− 1 separated beams for
the n-th order discrete nondiffracting beam.
We emphasize that discrete nondiffracting
waves are not orthogonal to each other,
< ψj(q − q0)|ψj′(q − q0) > 6= δjj′ . Now, a question
arises. Is a linear combination of two different discrete
nondiffracting waves still nondiffracting? A combination
of two nondiffracting waves with the same order but
5FIG. 3: The density plot shows discrete parametric oscil-
lation in the Glauber-Fock lattice when there are N = 100
lattice sites. The system comes to its initial state periodically
at every 2pi along the propagation direction. The system un-
dergoes oscillation with growing peaks during propagation.
different q0 is again a nondiffracting wave. However, a
combination of two nondiffracting waves with different
orders is not a nondiffracting wave any more.
3. Discrete Parametric Oscillation
The equation (7) is a classical harmonic oscillator equa-
tion with time dependent mass and frequency. Therefore
a question arises. Can we observe classical parametric
oscillation in a discrete quantum system? The answer is
yes for our system. A parametric oscillation is an oscil-
lation whose amplitude grows during oscillation. This
oscillation is different from Bloch oscillation since the
amplitude of the Bloch oscillation does not grow during
propagation. If the system is infinitely long, the ampli-
tude of the oscillation goes to infinity as z goes to infin-
ity. This doesn’t mean delocalization since the system
comes to its initial state after each cycle. If the system
is finite, parametric oscillation can still be observed un-
til the amplitude of the oscillation reaches the length of
finite lattice.
The condition for the oscillation in our system is that
qc(0) = qc(jT ) and q˙c(0) = q˙c(jT ), where T is the period
and j is a positive integer. This oscillation is a parametric
oscillation if the amplitude of qc(Z) grows linearly with
Z during propagation. As an example, consider one of
the simplest choice: qc(Z) = q0 Z(cos(Ω0Z)− δ), where
q0, Ω0 and δ are constants. As can be seen, the wave
packet (9) with this qc(Z) comes to its initial state peri-
odically at every 2pi/Ω0. What is striking here is that the
amplitude of the oscillation grows linearly with the prop-
agation distance. In this way, the wave packet undergoes
parametric oscillation. As discussed in the preceding sub-
section, δ = 1 corresponds to a single site initial excita-
tion and and δ 6= 1 corresponds to a broad initial wave
packet, respectively. This means that parametric oscilla-
tion can be observed in both cases.
Let us now see parametric oscillation graphically for the
lowest order case. To observe discrete parametric oscil-
lation, we need to choose F and J appropriately. Let
us choose qc(t) = −
√
2J0 + Z(cos(Z)− 1) and F = 1,
where J0 and  << 1 are constants. According to
the equation (7), the tunneling amplitude for the ob-
servation of discrete parametric oscillation is given by
J = J0 +
Z + 2 sin(Z)√
2
, where Z = −z. To check our
findings, we perform numerical computation for the pa-
rameters J0 = −1/
√
2 and  = 0.1. The figure-3 plots
our numerical simulation. One can see discrete paramet-
ric oscillation in the figure. As expected, the amplitude
of the oscillation increases steadily during propagation.
The system comes to its initial state at every 2pi in the
propagation direction.
To sum up, we have considered a Glauber Fock lattice
and designed it to observe a couple of interesting effects
such as nondiffraction and parametric oscillation. We
have found the condition for the occurrence of discrete
nondiffracting waves. The nondiffracting waves we study
here are localized wave packets. We have also predicted
discrete parametric oscillation in our system. Our find-
ings can be verified experimentally with current technol-
ogy. Here, we have analytically investigated Glauber-
Fock oscillator. Parametric oscillation in other discrete
systems is also worth studying.
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